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Abstract. We study the addition of shape constraints (SC) and their
consideration during the parameter identification step of symbolic re-
gression (SR). SC serve as a means to introduce prior knowledge about
the shape of the otherwise unknown model function into SR. Unlike
previous works that have explored SC in SR, we propose minimizing
SC violations during parameter identification using gradient-based nu-
merical optimization. We test three algorithm variants to evaluate their
performance in identifying three symbolic expressions from synthetically
generated data sets. This paper examines two benchmark scenarios: one
with varying noise levels and another with reduced amounts of train-
ing data. The results indicate that incorporating SC into the expression
search is particularly beneficial when data is scarce. Compared to using
SC only in the selection process, our approach of minimizing violations
during parameter identification shows a statistically significant benefit in
some of our test cases, without being significantly worse in any instance.

Keywords: Symbolic regression - Shape constraints - Constrained least
squares - Thermodynamics - Equations of state

1 Introduction

Symbolic regression (SR) is a supervised machine learning approach to discover
underlying mathematical expressions from data. The search space of potential
expressions is very large, and the problem is NP-hard, as proven by [21]. How-
ever, there are ways to incorporate prior knowledge beyond the data into the
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expression search to guide the search more efficiently. One way to do this is by
using shape constraints (SC).

SC impose restrictions on the behavior (or shape) of a function. A relatively
common example of a SC is monotonicity with respect to some variable. SC can
be used to incorporate domain-specific knowledge or enforce desired behavior,
which can be advantageous in many scenarios. For example, SC can help reduce
the required number of data, or help bridge regions where no data is available.
In addition, SC can mitigate the effect of noisy data, including data with out-
liers. Depending on how SC are implemented into the expression search, they
can either provide additional guidance or even reduce the search space. These
benefits are already shown in several studies, including [10,5,6,7,2,11,17,18,13].
Altogether, the expressions obtained have greater utility and reliability when
they obey the domain-specific SC.

Our proposed approach differs from previous work in two points. First, we
take into account the amount of SC violations already during the parameter
identification step. To the best of our knowledge, this is only done in one other
publication (see [11]). Second, this parameter identification step is carried out
using second-order optimization and algorithmic differentiation. This allows us
to find a set of parameters such that the resulting model conforms to the SC,
while also fitting the data. As in other works, the SC violations are implemented
as additional objectives which are considered in the multi-objective selection
process of the genetic algorithm.

In the following section, we introduce the problem formulation of SR and ex-
tend it to include SC. We describe our approach to the parameter identification,
which also minimizes the SC violations. We then explain how we incorporate
the SC into the evolutionary algorithm. In Section 3, related works are briefly
described and the differences to the present work are outlined. In Section 4, the
experiments are detailed, and their results presented. Section 5 offers a summary
and discussion of the results. Finally, we draw a conclusion in Section 6.

2 Shape Constraints in Symbolic Regression

In SR, the goal is to find a mathematical expression m, along with values for its
parameters p, such that we

Lo~ (v = m(Xi,p)
Minimize N ;f(%> w.r.t. (m,p). (2.1)

The expression m comes from an admissible class of expressions ensuring its
syntactic correctness. The parameter p is from a parameter space that generally
depends on m. Above, the vector-valued X and the scalar-valued y are the
independent and dependent variables of the model, and (X}, y;) denote the pairs
of data in the data set, = 1,..., N. The function f is known as loss function
and typical examples include f(r) = r2, where r may be the residual resulting
from y; — m(X;, p). This example leads to (2.1) representing the mean squared
relative error.
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Currently, genetic programming algorithms perform best among wide-ranging
SR tasks (see [12]). Summarized briefly, the population-based genetic program-
ming algorithms combine candidate expressions (crossover), and insert slight
variations into candidate expressions (mutation). In this way, new candidate ex-
pressions are generated. Better candidate models replace less favorable ones in
the population, which is known as the selection process.

As shorter and intuitively simpler expressions are preferred, problem (2.1) is
augmented by an additional objective measuring the complexity, e. g., length, of
the expression m in most SR approaches. Many approaches consider additional
objectives, such as age (see [20]), or the coefficient of determination R?.

In any case, (2.1) becomes a multi-objective problem. Depending on the
algorithm, these competing objectives are either addressed through the concepts
of Pareto dominance, or aggregated to a yield singular fitness value by means of
a weighted sum.

In this work, we use thermodynamics-informed symbolic regression (TiSR)
(see [14]), an SR implementation based on NSGA-II (see [4]). In contrast to
NSGA-II, TiSR uses both Pareto dominance and fitness-based selection criteria
to ensure sufficient diversity in the population. TiSR is available at https://
github.com/scoop-group/TiSR.

SC are expressed by augmenting problem (2.1) using inequality and/or equal-
ity constraints. The problem then becomes

N
. 1 yi —m(X;,p)
Minimize N ;—1 f(yl w.r.t. (m,p)

subject to g(m(X,p)) <0 forall X € (2,
and h(m(X,p)) =0 forall X € f2.

The set (2 defines the range for the independent variable X on which the SC is
relevant. Therefore, in general, there are infinitely many SC, that can be taken
into account in two different ways.

In pessimistic approaches, interval arithmetic is used to compute an enclosure
of the range of the SC function’s values over X € (2. This offers algorithms the
possibility to certify a model’s feasibility w.r.t. all SC. However, such approaches
may deem feasible models infeasible, as observed and discussed by Haider et al.
(see [6]). By contrast, optimistic approaches evaluate and enforce the SC only
in a finite number of predetermined locations. While this may lead to models
incorrectly classified as feasible, the evaluation of SC as well as their derivatives
w.r.t. p is straightforward.

In this study, we employ an optimistic approach. The SC evaluation points
X1 ..., X are distinct from the data points X1, ..., Xy. In order to accommo-
date different types of SC, the SC functions g and h can be vector-valued. This
allows several SC to be considered simultaneously, e. g., monotonicity and bounds
on the function values. For example, to realize a monotonicity SC, g(m(X,p))
could calculate the first derivatives of m on all points X with the paramters p.

The parameters p of candidate model m can be identified using the evolution-
ary mechanisms only, as exemplified by Koza in the early literature on genetic

(2.2)
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programming for SR (see [9]). Using this approach, no separate parameter iden-
tification step with a fixed model is conducted, and only mutation and selection
are used to identify the model along with its parameters m(p). However, most
contemporary SR algorithms treat the parameter identification as a subordinate
problem, employing gradient-based fitting for each candidate model before the
loss in (2.1) is determined. Kommenda et al. have shown the benefits associated
with this approach (see [8]).

Using f(r) = r2, the parameter identification subproblem, i.e., (2.2) with
the model m fixed, becomes a constrained least-squares problem. Despite the
relevance of this problem class in many industrial and academic fields, we were
unable to find an appropriate open-source implementation of a constrained least-
squares problem solver.

We therefore employ a penalty approach. Given a model m with parameters p,
we measure the total violation of the SC in terms of the /5-squared penalty, i.e.,

C C
SOS k(X4 p)? and ST S max(0, gr(m(XY,p)))?, (2.3)

k 4=1 k (=1

where k are the different SC and C' are the points they are evaluated on. These
values represent the extent to which the SC are violated at the points of evalua-
tion. Notice that the SC evaluation points X, ..., X% are the same for each SC
in (2.3). This is merely for the sake of notational convenience. In our implemen-
tation, we allow the SC evaluation points to be different for each component hy
and gi, of the SC functions.

During the parameter identification step in our algorithm, we minimize a
weighted sum of the loss and the SC violation (2.3). In order to keep the com-
putational expense limited, we work with a fixed penalty parameter. We use
the NEWTON implementation of the JULIA library OPTIM.JL (see [16]) for this
purpose. First- and second-order derivatives of the loss as well as the SC are
provided through the algorithmic differentiation package FORWARDDIFF.JL (see
[19]). This is an essential distinction from [11], where Monte-Carlo-based multi-
objective local search is used for parameter fitting. Gradient-based approaches,
where available, often outperform non-deterministic approaches (see [15]).

With the parameter values optimized, there are at least two distinct ways
for an evolutionary algorithm to take into account the amount of SC violation
encountered in a particular model. In so-called hard-constrained approaches,
candidate models are removed from the population in case they are infeasible.
By contrast, soft-constrained approaches incorporate SC violations through one
or several additional objectives. Hard constraints may lead to a loss of diversity
in the population, which is essential for evolutionary algorithms, while soft SC
allow to improve upon the candidate in later generations.

Haider et al. compared hard- and soft-constrained approaches and found no
statistically significant differences between them (see [5]). We therefore choose to
implement a soft-constrained approach, where the two terms in (2.3) are added
to form a single additional objective.
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3 Related Work

In an early work, [13] introduce asymptotic SC into SR, controlling the function
behavior at zero and infinity. They utilize a neural network to guide their Monte-
Carlo tree search-based method and to produce expressions with the desired
asymptotic behavior. Although effective through restriction of the search space,
it is not directly applicable to other types of SC.

[1,2] use a satisfiability modulo theories (SMT). The SMT solver guarantees
that solutions are feasible, resembling a pessimistic approach. The types of SC
considered include bounds on function values and partial derivatives, as well as
symmetries and periodicity. Their approach, namely “Counterexample-Driven
Genetic Programming”, also maintains a training set with counter examples,
which is continuously extended during the expression search. However, SMT
solvers may be computationally prohibitive and do not support all types of SC.

Closest to our approach in the present work is [11]. The SC are evaluated on
a finite number of sample points. Similar to our approach, the SC are part of
the parameter identification subproblem. Contrary, however, they use a multi-
objective local search procedure based on Monte-Carlo methods for this problem.
This avoids computing derivatives with respect to the parameters, but gradient-
based approaches often outperform non-deterministic approaches (see [15]).

[10] introduce a new approach to shape-constrained SR. They use interval
arithmetic to check SC satisfaction in a pessimistic manner. Their study is lim-
ited to box constraints on the function values and its partial derivatives. Two
approaches of incorporating the SC into the expression search are studied. One
uses hard constraints, while the other maintains separate populations for feasible
and infeasible candidates. In constrast to our work, the SC violations are not
part of the parameter identification subproblem.

[5] employs soft constraints which allows the SC violation to be reduced over
multiple generations. The authors utilize three different evolutionary algorithms
as a basis and study various ways of treating and incorporating SC into the
expression search. The benefits of SC, e.g., for noisy data, are clearly shown.
Interestingly, the authors conclude that in all their experiments, there are no
statistically significant differences between the core algorithms nor among the
approaches to incorporate the SC.

[6] compare optimistic and pessimistic SC evaluation. The authors conclude
that optimistic approaches improve the extrapolation behavior of models, while
pessimistic approaches are better suited for higher levels of noise.

4 Experiments

We conduct experiments on three different benchmark problems. In each case,
a ground truth model is known and used to generate synthetic data. The goal
of our experiments is to study the utility in using SC to reconstruct the ground
truth model. In contrast to previous works, we do not emphasize the effects of
SC on the composition of the final Pareto frontier (hall of fame).
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In what follows, we first detail how we set up our proposed method and two
baseline methods we compare our method to. This is followed by a description
of the three benchmark problems.

4.1 Description of Algorithmic Variants

All variants are implemented in TiSR. (1) As a first baseline (base), we use TiSR
without SC. (2) The second baseline (obj) takes SC into account partially. As in
base, it solves the parameter identification problem without considering the SC.
It then evaluates the SC violation (2.3) and introduces the combined amount of
violation as a separate, additional objective. This approach resembles the one
of Haider et al. (see [5]). (3) The third variant (minim_obj) is the one proposed
in this work. It alters the parameter identification step. To lower the computa-
tional expense, it first identifies the parameters them without considering the
SC, like both baseline methods. If certain criteria are met (mentioned below),
the parameter identification is continued using the penalty-based constrained
least squares. The SC violations after the parameter identification are used for
the selection, like in obj. The key differences are summarized in Figure 4.1.

ﬁ baseline 1 baseline 2 new method
base obj minim_obj
[ mutation & crossover identify parameters for  identify parameters for identify parameters for
‘ each candidate to each candidate to each candidate to
[ parameter identification ] minimize ... minimize ... minimize ...
meansquared o ________ R
H 1 n children relative error L . SAMG _ e —imim i .’
~ ¢ &SCyviolations
[ population selection ]«f ims_processed € oo S
" - :compl ! N
ncsndldate§ in discard‘ <age I same o
the population % = e &
remainder :minus_abs_spearman 17
:constr_vios :constr_vios
-
[ hall of fame selection ]«f :ms_processed_e St sttt A
:compl | same s
hall of fame di a :mare e e e e e e e e e e e d
. .
= 1. Pareto frontier 1Sgan :constr_vios :constr_vios

remainder -

Fig.4.1: Simplified illustration of NSGA-II (left) and overview of the key differ-
ences between the three algorithm variants with regard to parameter identifica-
tion, population selection, and hall of fame selection (right).

Most of TiSR’s default parameters are used in all three variants. To minimize
the mean squared relative error, as shown in (2.1), the fit_weights parameter
is set to 1/y; for each residual value r;, where y; is the dependent variable for
datum 4. The maximum complexity, i. e., the number of operators and operands,
is set to 5 above the reference ground truth expression. The default selection
objectives of TiSR [:ms_processed_e, :compl, :age] are the mean squared er-
ror, complexity of the expression, and age of the expression (number of gen-
erations it has been present in the population). For the purpose of the present
study, we extend these objectives by :minus_abs_spear and :constr_vios. Here
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:minus_abs_spear is the negative of the absolute of the Spearman correlation,
which is added as a supporting objective as defined in [23]. The :constr_vios
objective contains the sum of the SC violations as in (2.3), which is always
zero for the base variant of the algorithm. The default hall of fame objectives
[:ms_processed_e, :compl, :mare] are extended by :constr_vios. The :mare
objective represents the mean absolute relative error (MARE), which is calcu-
lated as in (2.1), but with loss function f(r) = |r| in place of f(r) = r2. Further
parameters of TiSR that deviate from their defaults are summarized in Table 4.1.

Table 4.1: Overview and description of some of TiSR’s parameters set for all
experiments deviating from their default values.

Parameter Value Description

t_lim 60%10  The total runtime is set to ten minutes.

pop-size 500 The population size, i. e., the number of candidate
models in the population, is set to 500.

pow_abs_param true The power operator (~) can only have parameters

in its exponent. Variables or expressions are not
allowed as exponents.

always_drastic_simplify le-7 Candidate models containing parameters that are
closer to one or zero than 10~ are simplified by
rounding the respective parameters to one or zero.

All three algorithmic variants are allowed to use up to 30 iterations for each
parameter identification subproblem. In fact, the base and obj variants use a
Levenberg-Marquardt method for this purpose. The third variant minim_obj
allots a budget of up to 20 iterations without SC penalization. Provided that
the MARE is smaller than a pre-selected boundary, an additional maximum of
10 iterations with SC penalization follow. This boundary is set 5% higher than
the set noise level of the data. The SC penalty coefficient is fixed at 1.

4.2 Verification of Results

To check whether the ground truth is reconstructed, a separate verification data
set is used. This data set is sampled on a wider range than the original data
set, and using 2 to 5 times as much data. Approximately every 5s, all candidate
solutions in the hall of fame are passed to a callback function. Those with a
MARE of at most 5% higher than the noise level of the data are fitted to the
verification data set. If the MARE with respect to the verification data set is
lower than 0.0001 %, the experiment is terminated with success. We recall that
only expressions with a complexity of up to 5 above the reference ground truth
expression can be accepted. The expression search does not gain any information
from the verification data set or the callback overall.
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4.3 Description of the Benchmark Problems

We report on three different problems, each using a different ground truth ex-
pression. In all cases, no part of the expression nor its parameters are initially
known to TiSR. Every problem has two independent and one dependent variable.

Gaussian Distribution The first problem (gaussian) is the density of a uni-
variate Gaussian distribution with the mean fixed at 0:

_ oxp(—g57)
y = MQU . (4.1)

The independent variables o and 6 denote the standard deviation and the prob-
ability density, respectively. A graph illustrating Equation (4.1) is shown in Fig-
ure 4.2 on the left. We choose this as a benchmark problem, as there are many
SC possible. The ground truth expression has a complexity of 11.

0.8
om0 0.2 1
0.6 0=15
— o0 =30
=04 & 0.0 4
0.2 )
jL_—t ~0.2 A
0.0 - - . ‘ . . . ,
-4 -2 0 2 4 -2 0 2

Fig.4.2: Plot of the gaussian expression for varying standard deviation o and
random variable values 0 (left) and the magman expression for varying distances x
and varying current I (right).

For all variables, ranges are defined and within those, 100 points uniformly,
randomly sampled. The ranges for the fitting data set are [—5,5] for 6, and
[0.5,3] for o. For the verification data set, 500 points are sampled within the
ranges of [—10,10] and [0.5,5] for # and o, respectively. The function set for
this expression is set to [+,-,*,/,~,exp,pow2, sqrt], where pow2 is a unary
function raising to the power of 2.

We define SC on the function values and the first derivatives of the function.
The SC on the function value are summarized in Table 4.2a, while the SC on
the first derivatives are listed in Table 4.2b. For each of those, five points are
sampled for each variable individually. Then five (6, o) pairs are randomly drawn
from the total of the 25 potential pairs. These SC evaluation points remain the
same during each run but may differ between runs.
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Table 4.2: Collection of tables detailing the treatment of SC for gaussian and
the magman expression.

(a) Treatment of the function value SC for the gaussian benchmark problem.

0 sample parameters o sample parameters SC
logarithmically in [—100,—0.01] uniformly in [0.5, 6] f>0
logarithmically in [0.01, 100] uniformly in [0.5, 6] f>0

(b) Treatment of the monotonicity SC for the gaussian benchmark problem.

0 sample parameters o sample parameters SC

logarithmically in [—0.01, —100] uniformly in [0.5, 6] af/00 >0
logarithmically in [0.01, 100] uniformly in [0.5, 6] af/06 <0
{0} uniformly in [0.5, 6] 0f /0o <0

(c) Treatment of the function value SC for the magman benchmark problem.

r sample parameters I sample parameters SC
logarithmically in [-1000, —0.1] uniformly in [0.1,0.8] f>0
logarithmically in [0.1, 1000] uniformly in [0.1,0.8] <o

(d) Treatment of the monotonicity SC for the magman benchmark problem, where 4
and r are the roots of the first derivative of the magman expression.

r sample parameters I sample parameters SC

logarithmically in [—10, 7] uniformly in [0.1, 0.8] of/0x >0
uniformly in [r1, r2] uniformly in [0.1,0.8] of/0x <0
logarithmically in [rg, 10] uniformly in [0.1,0.8] of/ox >0
logarithmically in [-50, —0.1] uniformly in [0.1, 0.8] of/oI >0
logarithmically in [0.1, 50] uniformly in [0.1,0.8] of/0I <0

Magnetic Manipulator Force The second expression we use in our experi-
ments is also used by [11] for their study of SR with SC. It describes the force
exerted by an electromagnet on an iron ball moving along a rail in a magnetic
manipulator system (magman). The expression is

xz-1

where the independent variables x and I denote the distance and the current,
and the parameters o and [ are system specific parameters. For («, 3), we adopt
values (5.25,1.75) identified by [3]. The resulting function (4.2) is shown in Fig-
ure 4.2. The ground truth expression has a complexity of 11.
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For the distance x, the variable range for the fitting data set is [—3, 3], while
we take [—6,6] for the verification data set. The ranges for the current I are
[0.1,0.8] and [0.1,1.6] for the fitting and the verification data set, respectively.
The function set is composed of [+, -, *,/, ™, pow2, pow3], where pow3 is a unary
function raising to the power of 3.

As in the case of the gaussian problem, function value and monotonicity SC
are defined for magman, which are summarized in Table 4.2d. The selection of SC
evaluation points is the same as described for the gaussian problem.

Van der Waals Force The third used expression is the Van der Waals thermo-
dynamic equation of state (vanderwaals). It models the pressure p of a fluid as a
function of the molar volume v and the temperature T as independent variables:
_R-T a

—. 4.
v—>b 2 (4.3)

p

Here R ~ 8.3145 is the universal gas constant, and a and b are fluid-specific pa-
rameters. We use data for methanol, where the parameters (a, b) are (0.9649, 6.702-
107?) [22]. Figure 4.3 shows the function (4.3). The ground truth expression has
a complexity of 12.

x10% x10°

0 — T =400
X  boiling & dew point
[Z areas

0.0002 0.0004 0.0006 0.0008 0.0010
v v

Fig. 4.3: Plot of the vanderwaals expression, where the pressure p is shown for
varying temperatures T' and specific volumes v (left), as well as an illustrative
example to aid understanding of the Maxwell criterion at 7' = 400. The boiling
and dew points are shown and connected with a dashed red line (right).

We choose the vanderwaals problem since it involves a relatively complex
SC, allowing us to demonstrate the capabilities and potential of our approach to
incorporate SC. The SC for this problem originates from the Maxwell criterion,
as it is commonly enforced in thermodynamic equations of state to enable the
calculation of the vapor-liquid phase-boundary. For states (T, v) inside the two-
phase region, the pressure calculated by such equations is disregarded. Instead,
the pressure along isotherms is constant throughout the two-phase region. We
briefly summarize the essence to understand the SC without going into the ther-
modynamic detail. In Figure 4.3, the integral of the function along the isotherm
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(blue line) shifted by the entry points to the two-phase region (dashed red line)
must be zero in-between the entry points (red cross).

We generate three equidistant, regular grids for the vanderwaals expression,
one in the vapor, one in the liquid, and one in the supercritical phase. To obtain a
more realistic grid, the variable ranges are defined to T and p rather than T and
v, as is common in experimental practice. The variable ranges are T' = [450, 500],
p = [0.05-10°, 2-106] for the gas phase, T = [300, 400], p = [6-10°,7-106] for the
liquid phase, and T' = [550, 600], p = [10-105, 11-10°] for the supercritical phase.
Instead of random sampling, the data are sampled equidistantly on regular grids
in each of the three ranges. Additionally, four phase transitions points are added
to the fitting data set. These points are used in the Maxwell criterion SC, and
thus assumed to be known. Their values and usage in the SC are shown below.
There are 147 and 300 points in the fitting and verification data set, respectively.

The Maxwell criterion is incorporated as an equality constraint. The exact
phase transition states are specified inside the SC, marking the numerical inte-
gration bounds and the pressure-shifts for two isotherms. To reduce the computa-
tionally expensive numerical integration, the SC has two parts. Before assessing
the Maxwell criterion in the second part, the deviations from the phase-transition
states are assessed and also treated as equality constraints. Only for MARE to
the transition states below 1%, the integration is conducted, the Maxwell crite-
rion checked, and the violation added to the one described above. To ensure a
descent in the transition from the first to the second part of the SC, a dummy
penalty of 1000 is added to the MARE, while the results of the integration are
divided by 1000. This fix does not render the transition smooth, but ensures
a descent in this case, and is worth the computational expense saved. For the
isotherms 77 = 300 and T» = 400, the pressure offsets are p; =~ 595000 and
po & 2.70 - 105. The specific volumes at the two-phase transitions, which mark
the integration bounds, are vy poiling & 8.61 - 1075 and vy gew & 0.003 85 for T7,
and vz poiling ~ 0.000102 and v gew = 0.000 947 for T5.

4.4 Increasing Noise Levels

We conduct two studies using the three algorithmic variants and the three bench-
mark problems. In the first, the resilience to noise is studied by applying varying
noise levels on the dependent component of each data set. We use normally dis-
tributed random noise scaled by the respective target to model relative noise.
Each algorithm-noise level combination is run for 31 times for statistical com-
parison. The results are shown in Figure 4.4.

For 10 % and 30 % noise, all variants are successful between 28 and 31 times
out of 31 runs. Also, for the magman expression search at 35 % noise level, all
variants find the expression in all runs. At 35 % noise for the gaussian expres-
sion, base finds the expression only 14 times, while obj and minim_obj find it
15 and 17 times, respectively. The two-proportion z-test with a confidence level
of 5% is used to determine whether there are statistically significant differences
for the three algorithms. For this study, the three algorithmic variants do not
exhibit statistically significant differences.
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gaussian magman vanderwaals
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Fig.4.4: Times out of 31 that each of the three algorithmic variants (base, obj,
minim_obj) find each of the three ground truth expressions (gaussian, magman,
vanderwaals) for noise levels of 10 %, 30 %, and 35 % noise levels.

4.5 Reducing Data

In the first part of the second study, we successively reduce the data available for

fitting at 10 % noise level. We filter the data sets, by removing the data closest

to the normalized center of the data, thus creating a “data hole”. First, data is

normalized by dividing each datum x;; by the maximum datum of its column j:
T

e = 4.4

K max(x;) (4.4)

Thereafter, the normalized center p; for each column j is determined using

1 S norm
i=1

The data with the highest Euclidean distance to the normalized center, cal-
culated by

m
&= (@™ — )’ (4.6)

j=1
is removed last. Each experiment is repeated ten times. The study is conducted
for the gaussian and the magman expression. The results are shown in Figure 4.5.
First, the significant results for the gaussian benchmark problem (see up-
per plot of Figure 4.5) are discussed. Assuming a significance level of 5%, for
14 points, minim_obj is statistically significantly better than base, but not sta-
tistically significantly better than obj. Also, obj is not statistically significantly
better than base in this case. At twelve points, both obj and minim_obj are
statistically significantly better than base. For eight points, minim_obj is statis-
tically significantly better than the other two variants, while obj is not signifi-
cantly better than base. For six points, the only statistically significant result is
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Fig.4.5: Times out of ten that each algorithmic variant finds the gaussian (up-
per plot) and the magman (lower plot) expressions at 10 % noise level for different
proportions of data out of 100 data points.

that minim_obj is better than base. At five and four points, none of the results
are statistically significant.

The bottom plot of Figure 4.5 shows the same experiments for the magman
expression. For 40 and 35 points, obj and minim_obj are significantly better
than base, while not being statistically significantly different. At 30 points, obj
is significantly better than base, while minim_obj is not. However, obj is not
statistically significantly better than minim_obj.

For the vanderwaals expression, the data are reduced in a different manner.
As mentioned above, the initial vanderwaals data set consists of three regular
grids in three phases, i. e., the gas, the liquid, and the supercritical phase, as well
as four points at the vapor and dew line, where no noise is added. Here, only
the data in the liquid phase and the additional points are kept. Ten experiments
are conducted with each, 0% and 10 % noise levels. The results are shown in
Figure 4.6. None of the results show statistically significant differences.
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Fig.4.6: Times out of ten that each algorithmic variant finds the vanderwaals
expression using only data from the liquid phase and four phase transition points
at 0% and 10 % noise levels.

5 Summary and Discussion

In Section 4, we compare three algorithmic variants that differ in the way they
incorporate used-defined SC (1) The first baseline variant (base) does not con-
sider SC at all. (2) The second baseline variant (obj) likewise uses unconstrained
least squares for the parameter identification subproblem and subsequently uses
the SC violation for the purpose of selection. This resembles the algorithm pro-
posed by Haider et al. (see [5]). (3) The third, proposed variant (minim_obj)
already incorporates the SC violation into the parameter optimization step. Our
implementation of all three variants are based on SR library TiSR.

Several experiments are conducted to test the resilience to noise and to a
reduction of the amount of data. The data is synthetically generated from ground
truth expressions. The experimental setup, including the verification step, allows
us to evaluate the differences between the three algorithmic variants with respect
to their capability of recovering the ground truth models exactly.

With regard to the noise level, our experiments indicate that the algorithmic
variants that utilize SC (obj and minim_obj), do not show significant benefits
compared to base. With regard to the amount of data, however, the two variants
obj and minim_obj do exhibit statistically significant benefits compared to base.
Among the two, our proposed approach minim_obj outperforms obj in a few
cases with statistical significance.

Admittedly, we expected our proposed approach to stand out more clearly.
This might be due to several reasons. For one, for all variants (including base),
TiSR employs regularization by adding a squared ¢;-norm of the parameter
vector, which makes it more robust against increasing noise levels and overfitting.

Furthermore, the data is synthetically generated using ground truth expres-
sions with normally distributed noise and no outliers. We conjecture that for
problems with systematic deviations or outliers in the data, minimizing SC vio-
lations during parameter identification might exhibit more significant benefits.
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Finally, in situations where data is limited to a relatively small region, but
additional knowledge is available concerning some global properties, SC are ex-
pected to be beneficial to achieve the proper extrapolation behavior. This situ-
ation, however, is not reflected in our current choice of example problems.

6 Conclusion

In this work, we propose a new way of incorporating SC into SR. Our approach
uniquely accounts for SC violations during the parameter optimization phase
and leverages second-order optimization along with algorithmic differentiation
to enhance performance. For this purpose, we evaluate the SC violations in a
number of sample points and accumulate them into a scalar value. This value
is used both as a penalty during parameter optimization as well as a separate
objective during the selection process. To manage the computational expense,
we propose to include the penalty term in to the parameter optimization step
only for models that demonstrate good fit quality already in the absence of
SC. This preferred variant of our algorithm is referred to as minim_obj. In our
experiments, this approach is statistically significantly better in a few of our test
cases compared to two baseline variants, while it is never significantly worse.

Potential future work may study the benefits of this approach for empirical
data in the absence of a ground truth model.
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